Abstract: Quantum frequency conversion (QFC) of photonic signals preserves quantum information while simultaneously changing the signal wavelength. A common application of QFC is to translate the wavelength of a signal compatible with the current fiber-optic infrastructure to a shorter wavelength more compatible with high quality single-photon detectors and optical memories. Recent work has investigated the use of QFC to manipulate and measure specific temporal modes (TMs) through tailoring of the pump pulses. Such a scheme holds promise for multidimensional quantum state manipulation that is both low loss and re-programmable on a fast time scale. We demonstrate the first QFC temporal mode sorting system in a four-dimensional Hilbert space, achieving a conversion efficiency and mode separability as high as 92% and 0.84, respectively. A 20-GHz pulse train is projected onto 6 different TMs, including superposition states, and mode separability with weak coherent signals is verified via photon counting. Such ultrafast high-dimensional photonic signals could enable long-distance quantum communication with high rates.
The temporal modes S1-S4 were computed by simulating the SPDC process. Together with S5 and S6, superpositions of S1 and S2, these input signal pulses are converted in a mode-separable manner by appropriately shaped pump pulses P1-P6 inside the nonlinear medium. In our work, the 6x6 mode combinations are investigated as two 4x4 alphabets: S1-S4 with P1-P4, and S3-S6 with P3-P6. For an input signal S j and pump Pk in a given alphabet, the signal ideally remains undepleted at the output (black-dotted line) if j = k. Otherwise, if j = k, its frequency gets converted (red-dashed line). This provides a way to separate the different modes.
while keeping its quantum properties intact [18] . QFC is usually realized as a sum-or difference-frequency generation process, with an intense 'pump' beam providing the other frequency, as illustrated in Fig. 1 . In context of multimode quantum signals at telecom wavelengths, a mode-separable upconversion to wavelengths in the visible regime (where highly efficient and low-noise SPDs are widely available) becomes an intrinsic property of the receiver. There are several QFC-based approaches for manipulating photonic temporal waveforms that permit access to high-dimensional Hilbert spaces. For instance, ultrafast-scale time delays can be mapped to measurable frequency shifts using a time-to-frequency converter [19] . We focus on a direct manipulation of the TMs, which can be realized by tailoring the dispersion properties of the nonlinear waveguide [15, 20] or modulation of the pump pulses [21, 22] . In either of these two approaches, a quantitative figure of merit based on the upconversion efficiencies {η k j } of the different signal modes S j with the pump being in a fixed mode k is given by the separability [20] ,
where N denotes the number of modes. Figure 1 shows the temporal profiles of signal and pump modes spanning a four-dimensional Hilbert space (N = 4). A unity separability (σ k = 1) is obtained in a QFC experiment with multi-mode signals if η k j = 0 except for j = k, i.e. the pump mode k converts only signal mode k. In general, a more often used parameter is the selectivity ς k = η kk σ k , which can be understood as the probability to separate mode k (in a usable manner) from all other input modes of the multi-mode signal using pump Pk when measuring the generated sum frequency. However, if η kk is reasonably high, separability is a more meaningful parameter than selectivity for high-loss quantum communication scenarios (channel transmittance T << 1). This is because the error rate is negligible only if the separability σ k is close to unity for all k while the (extra) η kk in the selectivity can simply be lumped together with all other system inefficiencies and losses, including T .
Although theoretical proposals for obtaining very high conversion efficiencies and mode selectivities for quantum signals have already been made [23, 24] , there has been limited experimental progress, especially in projecting out multiple modes. For instance, in Ref. [13] , selectivity measurements were performed only for the fundamental pump mode. In Ref. [22] , a full two-dimensional Hilbert space measurement was performed but the second pump mode had a modest conversion efficiency (η 22 < 60%) and no superposition modes were measured.
In this paper, we demonstrate the first multidimensional mode-separable QFC experiment, with separability measurements performed comprehensively in a four-dimensional Hilbert space. Not only do we obtain reasonably high conversion efficiencies (η kk > 75% for any k) but we also show a good match between the predictions of our theoretical model and the experimental values. Also, the Hilbert space is accessed by manipulating the pump pulses using optical arbitrary waveform generation (OAWG), which notably operates only on the classical pump pulses thereby enabling fast, complex, and reprogrammable signal measurements without inserting lossy elements into the signal path. This is in contrast with the so-called orbital angular momentum states, which otherwise offer high dimensionality and manipulation with linear optics [44, 45] . We also verify that the mode-separability extends to superposition states, a critical capability for quantum communications.
The building blocks
In this work, we focus on QFC realized as sum-frequency generation in nonlinear waveguides [22, [25] [26] [27] . The conversion efficiency η is a function of the characteristics of the waveguide and of the three participating waves: signal, pump, and sum frequency (SF) [18] . In general, if an optical signal with average power ρ sig yields an average SF power ρ sum , then
with λ sum [λ sig ] denoting the SF [signal] wavelength. By solving the coupled-mode equations using Green's function approach [15, 20, 21] or by calculating the unitary transformation associated with the interaction Hamiltonian [24, 28] , the input-output relations in terms of the annihilation operators of the signal and SF waves can be obtained. These relations mimic those of a multiport beamsplitter, the properties of which can be controlled by engineering the waveguide dispersion relations along with a suitable 'gating' pulse -hence the name quantum pulse gate (QPG) [15] .
The introduction of QPG served as the first work that proposed and experimentally demonstrated a QFC-based mode sorting system. Note that the group velocities of the gating pulse at 870 nm and the signal in C-band in this demonstration were matched by dispersion engineering [15] . The gating pulse was also supposed to follow the shape of the mode to be separated. A modified implementation proposed the shaping of 'arbitrary' pump pulses to manipulate the signals [21] and was based on the idea of pump pulse modulation to avoid modulation losses on the signals [29] . It enabled C-band pump pulses to operate on C-band signal pulses which are compatible with the existing fiber infrastructure. The scheme was suggested for mode-resolved photon counting (MRPC) applications. Additionally, there are other schemes using multimode pumps that have also been used for manipulation of photonic signals [30, 31] .
To realize the gating or pump pulse, both QPG and MRPC approaches require synthesis of user-specified temporal waveforms. In case of ultrafast pulses, one possible solution is via OAWG, which involves shaping the optical spectrum in the Fourier domain. For instance, the intensities and phases of the comb lines of an OFC, separated by the repetition rate of the original pulse train, may be addressed individually and independently to transform the pulse train in a desired manner. Through OAWG methods [32, 33] , both the pump and signal pulses can be easily simulated as well as generated for mode-separable QFC experiments [22] .
Simulation and experimental tools
As mentioned before, the TMs that define the 'input signals' can be produced via SPDC in a waveguide. The SPDCpump, phase matching characteristics, and the wavelength filters in the signal and idler after the waveguide govern the mode shapes and bandwidth of these signals [14] . In this section, we present the main ideas behind the generation of proof-of-concept orthogonal TMs (in simulation as well as experiment). We also briefly discuss how the appropriate pump waveforms for the purpose of mode-separable QFC were then derived using these simulated signals. Both signal and pump modes were realized experimentally by shaping OFCs using OAWG. We also discuss how the scheme is able to achieve various experimental goals such as verifying the orthogonality of the input signal modes and optimizing the mode-separability in the four-dimensional Hilbert space.
Simulation of signal and pump modes
We numerically simulated the signal modes using techniques developed and explained in Ref. [22] . Briefly, we used a 30-ps-wide super-Gaussian pump pulse to drive the SPDC process and a 2.4-nm-wide square filter on the signal spectrum, producing up to 10 TMs with varying generation probabilities. In this work, we confined ourselves to the first four modes S1-S4, which also feature a relative generation probability close to one.
Pump waveforms capable of mode-selective upconversion of signals were designed and optimized by iteratively solving the propagation equation using split-step Fourier method. This yielded the pump modes P1-P4. In agreement with the well-known limitation on maximum selectivities achievable in single-stage frequency conversion systems [23, 28] , we found that non-corresponding modes also got upconverted to some extent in our optimization. In the case of pump mode P1 for instance, we get η 12 = 7.5%, η 13 = 3.7% and η 14 = 1.5%. Nonetheless, with η 11 = 94%, we obtain σ 1 = 0.88 using Eq. (1).
With signal mode S j corresponding to state |ψ j , we computed two superposition modes S5 and S6 with |ψ 5 = 1/ √ 2 (|ψ 1 + |ψ 2 ) and |ψ 6 = 1/ √ 2 (|ψ 1 − |ψ 2 ), respectively. Figure 1 shows these modes together with their corresponding pumps P5 and P6. Although modes S5 and S6 have identical intensity profiles, their phase profiles render them orthogonal. We can classify these 6 modes into two basis sets (S1-S4 and S3-S6) since the modes in each set are mutually orthogonal.
OFC generation, manipulation and measurement
We generated two OFCs centered around the signal and pump wavelengths λ sig = 1532.1 nm and λ pump = 1556.6 nm, respectively. Each comb contained 17 lines spaced by 20 GHz. Figure 2 (a) shows the cascaded configuration of phase and amplitude modulators used for this purpose [34] . The actual OAWG, or line-by-line shaping to produce the signal Since the combs produced using electro-optic modulators are inherently chirped, we employed various methods to remove the chirp. Previously, a fixed length of standard single-mode fiber (added after the comb source) sufficed to compensate for the chirp to the extent that some selectivity between two input modes was obtained [22] . However, in separate experiments, we observed some residual chirp on the pulses, which would have certainly hampered the task of mode-separable QFC in high-dimensional Hilbert space since the signal and pump waveforms S3-S4 and P3-P4 are more elaborate; see Fig. 1 . Thus, as described in the next section, a more exact method of chirp compensation was employed.
Phase profile corrections
For this work, we implemented a modified technique based on ideas in Ref. [35] , in which the authors produced an arbitrary optical waveform using a comb source and a pulse shaper. For pulse characterization, they used another pulse shaper that selected only two comb lines at a time. This produced a beat signal (at the repetition rate of the pulses) which was captured on a fast photodiode and read on a sampling oscilloscope.
Since our objective was to shape the comb phases in some desired manner rather than measure the phase profile, we adopted the same strategy but used only a single pulse-shaping device. In our case, the 20-GHz beat signal was measured on a 30-GHz sampling oscilloscope. The sinusoid measured from the first two comb lines served as the reference. As we moved to another pair, we measured the time delay of the (new) sinusoid with respect to the reference. Using the Fourier transform property that a delay in time domain is equivalent to phase-shift in the frequency domain, we calculated a suitable phase-shift that was then applied using the waveshaper to compensate for the time delay. After processing the last pair of comb lines, we obtained a chirp-free comb (flat phase profile) by applying the appropriate 'phase corrections' to each comb line.
In case of signals S1-S6, the simulated phase values consist of either 0 or π, which were programmed directly in the experiment. The pump waveforms, however, had more complex spectral phases than signals. The program therefore simply produced flat phase profile for pump, and the target phase profile was applied later -as the sum of the simulated phase values and the phase corrections -via the pulse shaper. Note that this method of correcting phases assumes that there would be negligible impact of amplitude changes on the measured phase values.
Interferometric rectification of signals' orthogonality
In theory, the simulated SPDC modes in the two sets S1-S4 and S3-S6 are perfectly orthogonal to each other. However, due to experimental imperfections and errors, the overlap integral of two dissimilar signals drawn from the set may not always be zero. With features on a picosecond scale, even subpicosecond time-shifts between the centers of the two signals can lead to non-negligible mode overlap. This would have an adverse impact on the mode separabilities in the QFC experiment.
In order to rectify this, we designed a Mach-Zehnder interferometer containing pulse shapers WS-A and WS-B in its two arms, as shown in Fig. 2(b) . With one of the signals chosen as a reference on WS-B, we shaped the four signals on WS-A one by one. The delay between the two shaped signals was set using a programmable optical delay line (PODL) while the interference fringes were produced by driving a homemade fiber stretcher (FB-ST) with a triangular wave. One could calculate the interference visibility at the given delay from these fringes. Figure 3 (a) shows such experimental visibility-versus-delay patterns for S4, S3, and S6 on WS-A and reference S3 on WS-B. The origin or the '0' delay is determined by the S4-S3 measurement, and it can be observed that the experimental points match well with the theoretical curve (black dashed line). Before rectification, the S3-S3 maxima and the S6-S3 minima (orange and purple traces) are temporally shifted by 1.3 ps and 1.8 ps, respectively, with respect to the origin. Thus, we shifted S3 and S6 by applying appropriate phase-shifts via WS-A to improve orthogonality. We typically obtained a visibility < 0.04 at the origin for any two dissimilar signals after such an alignment.
Pump phase optimization
High-quality mode separability, in practice, relies on precise shaping of the numerically simulated pump waveform. The pump in the experiment may, however, differ from ideal due to imperfections in the pulse-shaping process. Furthermore, non-ideal phase matching in the waveguide (which is not accounted for in the simulation) can worsen the mode-separability. To mitigate such effects, we developed an experimental pump optimization technique based on the simultaneous perturbation stochastic approximation (SPSA) algorithm [36] .
Given an imperfectly prepared pump Pk, the aim of the optimization was to increase the conversion efficiency η k j of signal S j if j = k, and decrease it otherwise. This involved perturbing the pump and monitoring the changes in the SF power (directly proportional to η k j , see Eq. (2)) with the power meter shown in Fig. 2(d) . The optimization was performed in a feedback loop involving WS-A (on which the pump comb Pk was shaped iteratively along with the signal S j), the SF power meter, and a computer communicating with both these devices.
The SPSA algorithm is suitable for noisy multi-variable systems and employs a gradient approximation to steer the next choices of the variables. Each pump mode P1-P6 is defined by 34 variables -17 amplitudes and 17 phasesthat could as such be perturbed simultaneously for the purpose of gradient estimation. However, manipulations in such a large space would render the optimization quite slow. Since we could measure the comb line intensities on an optical spectrum analyzer (OSA) and ensure that they stay within an error margin from the target, we decided to limit the pump optimization process to the 17 phase values only. Further details of the algorithm and the implementation will be discussed elsewhere (unpublished data).
It is not possible to predict the number of iterations required for convergence due to the stochastic nature of the SPSA algorithm. We let the optimization run until the SF power appeared to reach a consistent maximum/minimum. Typically, this happened within 10-40 iterations. Figure 3(b) shows an example where the conversion of S3 from P3 was optimized. One can observe that the SF power (blue trace) evolves rapidly until the tenth iteration, after which it fluctuates around a mean value just above 200 µW. Note that the optimization can also be used to lower a conversion efficiency η k j when j = k. In general, after performing any such optimization with pump Pk, we rechecked the separability σ k to ensure it also improved. Figure 2 shows the experimental schematic, parts (a) and (b) of which have been discussed already in Sec. 3. Briefly, part (a) shows the setup for generating OFCs centered at λ sig and λ pump while the interferometric setup in part (b) was employed to ensure any two distinct signals in the set S1-S4 (or S3-S6) were as orthogonal as possible. Since the interferometric measurements were performed only on the signals, both WS-A and WS-B were controlled to suppress transmission around λ pump . The reference signal Sk was shaped via WS-B while signal S j, chosen from the appropriate set, was shaped on WS-A.
Mode-separable frequency conversion
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Details of the setup
Once the signals' orthogonality were rectified interferometrically, we sent the signal and pump to part (c) of Fig. 2 by changing the state of an optical switch (OSw2) and shaping pump Pk (along with signal S j) on WS-A. There, we first separated the co-propagating pump and signal, amplified the pump using a 3-W Er-doped fiber amplifier (IPG Photonics), and tuned the relative delay between pump and signal in order to make sure they overlapped temporally inside the waveguide. Using a variable attenuator (VATT), the intensity of the signal S j could be attenuated, if required, to well below the single-photon regime, i.e., mean photon number µ j << 1 per pulse. The shaped and optimized pump Pk and signal S j were filtered (to suppress ASE) and combined in free space using an angle-tuned filter (ATF) before the waveguide. The frequency conversion was performed in a 52-mm long periodically poled lithium niobate (PPLN) waveguide, fabricated at Stanford University [37] . The waveguide featured a clean single phase-matching peak centered at approximately 1544 nm at 73.4 • C, and a small-signal second-harmonic generation efficiency of 1600%/W. The pump wavelength of λ pump = 1556.6 nm was chosen to be far away from the phase-matching peak in order to suppress any unwanted second harmonic (SH) from the pump. Through subsequent measurements of the SF phase-matching curve using CW signal and 160-ps pump at 50 MHz, we found the highest SF conversion efficiency of 93.6% at a signal wavelength λ sig = 1532.1 nm and peak pump power ≈ 94 mW.
We separated the pump and (depleted) signal beams from the SF beam (center wavelength λ sum = 772.1 nm) at the output of the waveguide using a prism. As shown in Fig. 2(d) , we could direct the SF towards a power meter for classical measurements or towards a single-photon counting module (SPCM model, AQRH-14) setup with a flip mirror. The SPCM setup employed a series of ATFs to get rid of photons generated at the SH wavelength of λ pump /2.
We also separated the signal from pump using a coarse wavelength division demultiplexer centered at 1531 nm and observed its depletion on a power meter. The signal waveform could also be observed on a 500-GHz optical sampling oscilloscope.
Mode-separable measurements
Let us summarize the experimental procedure for performing mode-separable measurements assuming the pump to be fixed in mode P1. We first corrected the phase profiles for each of the signals in the set S1-S4 as described in Sec. 3.3. The phase correction procedure for P1 produced a flat profile, to which the simulation-determined phase values were then added. We then shaped S1 as reference on WS-B (kept untouched from hereon) and performed interferometric measurements while shaping S1-S4 on WS-A one at a time, as described in Sec. 3.4. These measurements allowed us to align all four signals in time by correcting for any relative shifts determined with respect to a common reference, as explained via Fig. 3(a) .
With P1 and S1 shaped on WS-A, we then varied the relative delay δ 11 between the signal and pump pulse trains, and the average pump power ρ 1 entering the waveguide to maximize η 11 , calculated using Eq. (2). This gave us an optimal delay δ opt 11 and optimal average pump power ρ opt 1 at which we measured the conversion efficiencies η 1 j of signals S j for j = [2, 4] . From this, we could calculate the separability σ 1 using Eq. (1).
Next we optimized P1 phase, as described in Sec. 3.5, to reduce the worst-performing conversion efficiency η 1 j (in relation to the simulated value). With this stochastically optimized pump phase, we repeated the measurements of η 1 j for j = [1, 4] at the same pump power ρ opt 1 and re-calculated σ 1 . This process was repeated a few times to find the final pump phase profile, i.e., whichever yielded the highest σ 1 . Figure 4(b) shows an example of the measurement results from which σ 1 = 0.84 was calculated.
For measurements with the SPCM setup, we attenuated the signal arm to mean photon numbers µ j ≈ 0.15 ± 0.05 per pulse exiting the waveguide. Due to the 20-GHz system repetition rate, we introduced an additional loss of ∼ 18 dB in the SF path to prevent saturating the SPCM and limit the photon-count rates to < 10 Mcps. Finally, we repeated the interferometric measurements with the unchanged S1 on WS-B and S1-S4 re-shaped on WS-A to verify the stability of the signals' orthogonality.
Results
The ultimate goal of the experiment was to shape the two 4x4 alphabets shown in Fig. 1 in an optimal manner and measure the conversion efficiencies η k j for all relevant combinations of pump Pk and signal S j ( j, k = [1, 6] ). For each Pk-S j combination, we performed multiple power and delay measurements in steps of 5 mW (average power) and 0.2 ps around the previously determined optimal values ρ opt k and δ opt kk , respectively. As illustrated in Fig. 4 for pump P1, we calculated η k j at each delay and power. Subsequently, the separability σ k was evaluated using (1). The delay δ fin kk and power ρ fin k at which σ k was maximum were used for plotting the final data. The optimal and final values were typically the same. Figure 5 plots the simulation-derived η k j values along with experimental results with classical signals at delay δ fin kk and power ρ fin k . The mode-selective upconversion of S5 and S6 by their respective pumps P5 and P6 clearly shows our experimental capability to measure superposition states, as is commonly required in quantum communications. Figure 6 shows the final separabilities σ k with k = [1, 4] for the first 4x4 alphabet and k = [3, 6] for the second 4x4 alphabet in both experiment and simulation. For the classical case, the calculations were done using the conversion efficiencies plotted in Fig. 5 . We also ascertained σ k using photon counting, as outlined in the previous section. To account for noise due to pump-induced processes such as parametric fluorescence and spontaneous Raman scattering [38] , we also separately recorded the counts by physically blocking the signal before the waveguide; see Fig. 2 . The average SF photon generation rate with both Pk-Sk propagating through the waveguide to that of noise photons (i.e., with only Pk propagating) was > 10 3 , which is more than two orders of magnitude higher than the signal-to-noise ratio (SNR) reported in Ref. [13] at the same µ j ≈ 0.15.
The noise-corrected separability results are shown in Fig. 6 . They are reasonably consistent with the classical/simulation results, thereby demonstrating mode-separable QFC in the four-dimensional Hilbert space. Note that using lower pump powers can dramatically reduce the noise counts while affecting σ k rather insignificantly. For instance, decreasing the average pump power of P6 from 35 mW to 25 mW reduces signal counts by < 8% while the decrease in noise counts is > 40%. Alternatively, longer wavelength pumps (λ pump > 1800 nm [38] ) also result in less noise, though commercial OAWG technology is not currently available at such wavelengths.
Discussion
In principle, TMs span an infinite-dimensional Hilbert space, which, in practice, implies higher channel capacity per photon if the quantum information can be conveniently encoded and decoded. If the coding encompasses modal superpositions, these modes are highly relevant for tasks such as quantum key distribution (QKD) and quantum state tomography [14, 39] . High-dimensional QKD protocols, apart from offering enhanced key rates, may also increase the security against eavesdropping [40] . The system design shown in Fig. 2 is essentially that of a communication receiver with the classical/quantum signals' source connected to it with a very short channel. From the perspective of quantum communication, one can instead imagine the quantum signal source and interferometric setup to be connected to the receiver by fiber-optic channels (along with a shared clock). Assuming the loss parameter as 0.2 dB/km, high-dimensional mode-separable photon counting with off-the-shelf photon counting systems [41] would be possible with our receiver for links in the 100 -km range. This is because even after the 20 dB loss penalty, the SNR (initial value > 10 3 ) is at least 10, and could also be improved by methods discussed above. For shorter links, one can take advantage of the 20-GHz repetition rate to achieve high throughputs by employing ultralow-jitter single-photon detectors [42, 43] . This indicates the feasibility of QKD which we discuss below via a numerical example based on the analysis in Ref. [14] .
We assume Alice's source capable of generating single photon or weak coherent pulses with µ < 1 (as used in Sec. 4.3, and as is also the case for many QKD protocols) in state |ψ j of the signal mode S j. The subset consisting of |ψ 1 , |ψ 2 , |ψ 5 = 1/ √ 2 (|ψ 1 + |ψ 2 ) and |ψ 6 = 1/ √ 2 (|ψ 1 − |ψ 2 ) forms a BB84 alphabet [1] . These states can be measured in a mode-separable manner by employing pump modes P1 and P5; for instance, if Alice prepares and sends |ψ 5 and Bob employs P5, he obtains the correct measurement outcome with a probability proportional to η 55 . If however, Alice's state had been |ψ 6 , Bob would infer the wrong bit with a probability proportional to η 56 .
Using the data shown in Fig. 5 , we find the separabilities σ and weak coherent (µ < 1) signals S1-S6 that were upconverted by pump waveforms P1-P6 in a mode-separable manner. These results were obtained at a pump-signal delay δ fin kk and pump power ρ fin k . Separabilities evaluated using the simulation model are also shown.
denotes that the calculation is over a 2x2 alphabet. Assuming an asymmetric BB84 with P1 for monitoring the quantum bit error ratio (QBER) and P5 for the raw key generation, the overall receiver efficiency is η ov ≈ η 55 σ
5 = 81.7% (assuming negligible waveguide/coupling loss and unity detection efficiency). The high system repetition rate would allow significant raw key rates even in case of very lossy channels. The contribution to the QBER ≈ 1 − σ (2) 1 = 9.7% is also high. But this can be brought down with improved separabilities, possible through experimental advances including larger OAWG bandwidths and longer waveguides, e.g., using 30 comb lines separated by 40 GHz in a 6-cm-long waveguide [22] . The QBER could be made negligible with even more elaborate receiver configurations that promise unity separabilities [23] .
Alternatively, with modes S1-S4 and P1-P4, one can operate a genuine four-dimensional QKD protocol (basis size d = 4). The tasks of random selection from d(d + 1) = 20 possible basis states at the source and d − 1 = 3 measurements at the receiver (to distinguish in each of the d bases [14] ) could be efficiently carried out with dynamic OAWG capabilities and low-jitter detectors [32, 33, 41, 42] . Although the contribution to the QBER from non-unity separabilities will be higher than in the BB84 example above, high-dimensional QKD protocols also generally have higher QBER tolerances [40] .
Finally, let us note the pros and cons of using TMs in comparison to orbital angular momentum (OAM) states [44, 45] , which offer encoding of quantum information in very high-dimensional Hilbert spaces with linear optics. The primary advantage of TMs is that with dynamic OAWG capabilities [32, 33] , even fairly complex manipulations of the quantum signal can be done at very low loss because the mode manipulation (OAWG) is performed on the pump beam instead of the signal beam. Additionally, OAWGs have been demonstrated with extremely large update bandwidths. Also, TMs can be easily produced at telecom wavelengths and in spatial modes that make them highly compatible with the existing fiber-optic infrastructure.
Conclusion
In conclusion, we have demonstrated a frequency conversion based system for sorting temporal modes chosen from a four-dimensional Hilbert space. Using optical arbitrary waveform generation, we have shaped pump and signal pulses that undergo sum frequency generation in a nonlinear waveguide. By employing novel experimental techniques to verify/optimize the mode quality of the signal/pump, we have achieved high conversion efficiencies and separabilities for all modes, including superposition states. Apart from enabling high-dimensional, long-distance quantum communication, mode-separable frequency conversion also provides elegant and efficient solutions to problems such as quantum-state purification and mode reshaping of single photons, which have applications in quantum networks and hybrid interfaces.
Funding Information
Defense Advanced Research Projects Agency (DARPA) Quiness program (W31P4Q-13-1-0004).
